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============

Recent advances in semiconducting spin qubits^[@CR1],[@CR2]^ have enabled single-qubit gates with high fidelities^[@CR3]--[@CR7]^, and two-qubit exchange-based gates^[@CR8]--[@CR12]^ with fidelities \>94%^[@CR13]^. While these exchange gates are relatively fast, their interaction range is limited---typically to nearest neighbors. One method for increasing the interaction range is to insert an intermediary coupler, such as a superconducting microwave cavity^[@CR14]--[@CR20]^. However, strong qubit-resonator couplings have been difficult to realize, due to the small magnetic dipole of the spins^[@CR21]--[@CR23]^, which results in slow qubit gates. A common strategy for enhancing this coupling involves hybridizing the spin and charge degrees of freedom via the spin-orbit interaction, which arises naturally in GaAs, and can be induced by micromagnets in Si^[@CR24],[@CR25]^. In this way, strong coupling has been achieved in both GaAs and Si^[@CR26]--[@CR28]^. However the gates are still slow and susceptible to electrical (charge) noise, motivating a search for alternative methods to enhance the qubit charge dipole, as well as sweet spots to suppress the effects of noise.

For singlet-triplet spin qubits^[@CR29]--[@CR31]^, a useful sweet spot has been identified in the $\documentclass[12pt]{minimal}
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                \begin{document}$${T}_{0}$$\end{document}$ qubit, recent attention has focused on a sweet spot known as the symmetric operating point (SOP), due to its favorable coherence properties^[@CR33],[@CR34]^. The position of the SOP---as far as possible from the (2, 0)-(1, 1) or (1, 1)-(0, 2) charging transitions---reduces its sensitivity to charge noise, but also suppresses its charge dipole moment. In this regime, the weak dipole coupling is mainly longitudinal in form^[@CR35],[@CR36]^, enabling $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta B\,=\,g{\mu }_{B}({B}_{L}-{B}_{R})$$\end{document}$ is larger than the tunnel coupling, the transverse coupling can dominate over the longitudinal coupling^[@CR37]--[@CR40]^; however, the qubit also becomes more sensitive to charge noise.

In this work, we investigate a family of sweet spots, with strong transverse couplings, located far from the SOP. We show that these transversely coupled sweet spots (TSS) represent an interesting working regime for singlet-triplet qubits that can be exploited to perform high-fidelity single-qubit gates with AC electrical driving fields, or to enable capacitively coupled two-qubit gates. (Here, we focus on two-qubit gates mediated by a superconducting cavity.) We describe protocols for one and two-qubit gate operations that provide constant noise protection, even while transitioning between operating points. This allows us to take advantage of the resources available in different working regimes, and greatly enhances the toolbox for operating singlet-triplet qubits.

Results {#Sec2}
=======

TSS and SOP sweet spots {#Sec3}
-----------------------
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The extent to which the TSS, ATSS, and SOP sweet spots are protected from charge noise depends on the flatness of the energy dispersion, which is determined in part by the order of the sweet spot: a sweet spot is classified as $\documentclass[12pt]{minimal}
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While single-qubit gates can be performed at the SOP, using the tunnel coupling $\documentclass[12pt]{minimal}
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Characterizing the TSS {#Sec4}
----------------------

The position of the TSS in detuning space, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varepsilon }_{{\rm{SS}}}$$\end{document}$, depends on all the parameters of the Hamiltonian, but generally occurs near $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon\,=\,0$$\end{document}$ (Fig. [2](#Fig2){ref-type="fig"}b, upper inset). As shown below, the location of the operating point plays a key role in determining the qubit behavior, which has two basic types. (1) When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau\,\gtrsim\,\Delta B$$\end{document}$ (Fig. [2](#Fig2){ref-type="fig"}c), we mainly find that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varepsilon }_{{\rm{SS}}}\,<\,0$$\end{document}$; in this case, the energy splitting of the lowest non-logical state $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left|S(0,2)\right\rangle$$\end{document}$ is approximately resonant with the qubit frequency, resulting in enhanced leakage. (2) When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau\,<\,\Delta B$$\end{document}$ (Fig. [2](#Fig2){ref-type="fig"}d), we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varepsilon }_{{\rm{SS}}}\,> \,0$$\end{document}$; in this case, leakage is suppressed, but the TSS is very narrow, and the qubit is charge-like. More generally, any qubit property (e.g., decoherence, coupling, or gate fidelity) depends on the specific control parameters. We now evaluate and compare these properties, first for an isolated qubit, then for a qubit coupled capacitively to a microwave resonator.
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We begin by solving the total Hamiltonian, defined as $\documentclass[12pt]{minimal}
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                \begin{document}$${T}_{\varphi }$$\end{document}$: tunnel-coupling noise and Rabi-frequency fluctuations. In summary, tunnel-coupling noise is found to have a stronger effect on two-qubit gates, where it is comparable to detuning noise. Rabi-frequency fluctuations are a strong-driving effect, which can become important for fast single-qubit gates. In the following discussion, we include all such dephasing mechanisms in our fidelity simulations. However, we do not include direct magnetic field fluctuations arising from nuclear spin dynamics, since we assume these can be suppressed by isotropic purification of the Si/SiGe heterostructure.
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Using the same simulations, we also compute $\documentclass[12pt]{minimal}
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Finally, we note that phonon-mediated decay processes have not been considered in the current analysis, although they also contribute to $\documentclass[12pt]{minimal}
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To summarize the results of this section, the behaviors of $\documentclass[12pt]{minimal}
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Single-qubit gate fidelity {#Sec5}
--------------------------

In the previous section, we studied free induction. Here we consider resonantly driven, single-qubit $\documentclass[12pt]{minimal}
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                \begin{document}$${X}_{\pi }$$\end{document}$ gate operations performed at a TSS. We consider single-qubit interactions mediated by AC-driven gates, which are generally expected to be faster than single-qubit gates mediated by a resonator. However, the two-qubit gates in the following section are mediated by a resonator, with a capacitive coupling that cannot be turned off, as indicated in Fig. [1](#Fig1){ref-type="fig"}; we therefore include this interaction in the present analysis. In our simulations, we further assume that the cavity resonant frequency $\documentclass[12pt]{minimal}
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We model the qubit-resonator system with the Hamiltonian$$\documentclass[12pt]{minimal}
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We perform simulations of Eq. ([4](#Equ4){ref-type=""}) for a range of $\documentclass[12pt]{minimal}
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                \begin{document}$${X}_{\pi }$$\end{document}$ gate times must be determined numerically; we do this by evolving over many Rabi oscillations, to more accurately locate the initial peak. The simulations are computationally expensive, compared to Fig. [3](#Fig3){ref-type="fig"}a, b, since they include photon basis states. Therefore, we do not explicitly include either charge noise or photon decay at the Hamiltonian level. Instead, we solve a master equation based on Eq. ([4](#Equ4){ref-type=""}), in which dephasing effects are included phenomenologically through the dephasing rate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1/{T}_{\varphi }$$\end{document}$ and leakage effects are included through the decay rate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1/{T}_{L}$$\end{document}$, which were both obtained as functions of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta B$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau$$\end{document}$ in the previous section. Resonator photon decay is included through a constant decay rate, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa$$\end{document}$. We then compute the gate fidelity, obtaining the results shown in Fig. [3](#Fig3){ref-type="fig"}d. See Methods section for details of these calculations.

We observe the following behavior. First, gate fidelities are generally found to be high, except very near the resonance condition $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau\,=\,{\tau }_{{\rm{crit}}}$$\end{document}$, due to enhanced leakage (Fig. [3](#Fig3){ref-type="fig"}c) and smaller charge dipoles (Fig. [3](#Fig3){ref-type="fig"}a). The best fidelities are therefore obtained midway between the resonance condition and $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta B$$\end{document}$. For the physically realistic simulation parameters used in Fig. [3](#Fig3){ref-type="fig"}d, the fidelities can be quite high, approaching 99.85%, and are limited by Rabi-frequency fluctuations due to strong driving. Finally, we note that closer inspection of the resonance condition in Fig. [3](#Fig3){ref-type="fig"}d reveals weak oscillations. As discussed in Supplementary Note [3](#MOESM1){ref-type="media"}, these can be understood as a combination of leakage and strong-driving effects.

Two-qubit gate fidelity {#Sec6}
-----------------------

We consider two-qubit gates mediated by a cavity, with a set-up similar to Fig. [1](#Fig1){ref-type="fig"}, and with both qubits positioned at voltage anti-nodes. Simulations are performed analogously to the previous section, but with a two-qubit Hamiltonian given by$$\documentclass[12pt]{minimal}
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                \begin{document}$${\varepsilon }_{a} = {\varepsilon }_{b} \equiv \varepsilon$$\end{document}$, to reduce the number of independent control parameters. The gate fidelities are computed by solving the master equation associated with Eq. ([5](#Equ5){ref-type=""}), including the decoherence rates $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1/{T}_{L}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1/{T}_{\varphi }$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa$$\end{document}$, as before, and comparing the result to an ideal iSWAP gate. Our results are shown in Fig. [4](#Fig4){ref-type="fig"}a, using the same simulation parameters as Fig. [3](#Fig3){ref-type="fig"}d.Fig. 4Resonator-mediated two-qubit iSWAP gates, performed at a TSS.**a** Gate infidelity, assuming the same device parameters as Fig. [3](#Fig3){ref-type="fig"}. Optimal fidelities are obtained very near, but on either side of the qubit-cavity resonance condition, near where $\documentclass[12pt]{minimal}
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                \begin{document}$${d}_{01}$$\end{document}$ is maximized. Here we assume no coupling to spin-polarized leakage states. **b** Gate infidelity, including coupling to spin-polarized leakage states. For each value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta B$$\end{document}$, we plot the maximum fidelity with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau$$\end{document}$. The leakage coupling is suppressed, and the fidelity is maximized, by applying large global $\documentclass[12pt]{minimal}
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Although similar physics determines the fidelities of one and two-qubit gates, the trends observed in Figs. [3](#Fig3){ref-type="fig"}d and [4](#Fig4){ref-type="fig"}a are very different. In particular, the fidelity dip along the resonance line in Fig. [3](#Fig3){ref-type="fig"}d becomes a double peak in Fig. [4](#Fig4){ref-type="fig"}a. This is because the single-qubit gates are driven, with the resonator acting only as a leakage channel. For two-qubit gates, the cavity mediates the interaction, and the fidelity is generally enhanced near the resonance condition, $\documentclass[12pt]{minimal}
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                \begin{document}$${\Delta }_{0}\,=\,0$$\end{document}$, where the effective qubit-qubit coupling is maximized^[@CR45]^. (The same is true for single-qubit gates mediated by a resonator, although we do not explore that possibility here.) Very near the resonance, however, spontaneous excitation of the qubits by the cavity (the Purcell effect) suppresses the gate fidelity (i.e., increases the infidelity), causing maxima to form on either side of this line. The same process also reduces the individual qubit lifetimes. In cases where the Purcell effect dominates the fidelity, we note that an alternative approach would be to replace the cavity with a direct capacitive coupling^[@CR11]^, although we do not explore that possibility here.

Far from the resonance condition, two-qubit gate fidelities are typically low, because off-resonant gates tend to be slow, and therefore susceptible to charge noise. (This is not a problem for single-qubit gates, which can be strongly driven.) However, fidelities are found to increase for larger $\documentclass[12pt]{minimal}
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                \begin{document}$$98.5$$\end{document}$% in Fig. [4](#Fig4){ref-type="fig"}a. Finally, we note that small fidelity oscillations are observed near the resonance condition, which are reminiscent of those in Fig. [3](#Fig3){ref-type="fig"}d, and can also be attributed to leakage and strong driving (see Supplementary Note [4](#MOESM1){ref-type="media"}).

Leakage induced by polarized triplets {#Sec7}
-------------------------------------

Up to this point, we have not considered the polarized spin triplet states, $\documentclass[12pt]{minimal}
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                \begin{document}$$\left|\downarrow \downarrow \right\rangle$$\end{document}$, which present new leakage channels. In this case, hybridization with the qubit states is caused by a transverse magnetic field gradient. It is reduced, however, when the levels are split off by a large global field; further details of these calculations are presented in Supplementary Note [5](#MOESM1){ref-type="media"}. To estimate the effect of such leakage on two-qubit gate fidelities, we first extend Eq. ([5](#Equ5){ref-type=""}) to include a global $\documentclass[12pt]{minimal}
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Discussion {#Sec8}
==========

We have shown that qubit coherence and one-qubit and two-qubit gate fidelities are strongly affected by the operating points in a control space spanned by the parameters $\documentclass[12pt]{minimal}
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To achieve high-fidelity gates at a TSS, it is important to provide a large gradient-induced Zeeman splitting, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta B$$\end{document}$, and a nearly resonant coupling between the qubit and cavity. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hslash {\omega }_{q}\,\le\, 2\Delta B$$\end{document}$ for a TSS, we therefore require that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\Delta B\,\gtrsim\,\hslash {\omega }_{r}$$\end{document}$, while noting that neither $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta B$$\end{document}$ nor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\omega }_{r}$$\end{document}$ is easy to change after a device is fabricated. Fortunately, recent work shows that it is possible to form high-kinetic-inductance resonators with low resonant frequencies, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\omega }_{r}/2\pi\,\approx\,2.8$$\end{document}$ GHz^[@CR47]^, while maintaining a high cavity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q\,> \,1{0}^{5}$$\end{document}$ in the presence of a large in-plane field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B=6$$\end{document}$ T. Moreover, as noted above, large gradients, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta B/h\,\approx\,2.2$$\end{document}$ GHz ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$=80$$\end{document}$ mT), have already been achieved in the lab^[@CR46]^, indicating that the requirements for a TSS have already been met.
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The results described above exploit optimized TSS working points for singlet-triplet qubits, but reveal that these points differ for single and two-qubit gate operations. In addition, resonator-mediated gates require an idling point, where the effective coupling to the resonator is turned off. We have identified two good candidates for idling points: the ATSS, where $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon\,=\,{\varepsilon }_{{\rm{SS}}}(\tau )$$\end{document}$. In Supplementary Note [7](#MOESM1){ref-type="media"}, we estimate the time scales for adiabatically transitioning between these working points.

Longitudinal and transverse couplings can be viewed as distinct, physical resources, with unique advantages and disadvantages for quantum computing. It is therefore important to compare their attributes^[@CR50]^; the singlet-triplet qubit provides a testbed for doing so in a single experimental setting. In this work, we have focused on the TSS, which has a purely transverse coupling and can be formed over a continuous range of parameters. In fact, the TSS and ATSS are the only tunings with purely transverse couplings for singlet-triplet qubits. The SOP is the only tuning with a purely longitudinal, curvature-type coupling (see below), which can be formed over a continuous range of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon\,=\,-U$$\end{document}$. All other operating points have both transverse and longitudinal components. Such mixing reduces the response to AC driving for single-qubit gates, and yields complicated behavior for two-qubit gates, which may be undesirable from a control perspective. These mixed operating points also do not correspond to sweet spots, and should therefore experience faster decoherence. The TSS coupling is particularly strong because the qubit's charge character is maximized. In contrast, at the SOP, the charge dipole vanishes, resulting in a weaker, second-order curvature coupling^[@CR35]^, which is consistent with slower gates that are well protected by a high-order sweet spot. Alternatively, gate speeds at the SOP may be enhanced by employing AC driving techniques^[@CR36]^. Using this method, we can simulate gates performed at the SOP, under noise conditions similar to those considered above, at the TSS. As described in Supplementary Note [6](#MOESM1){ref-type="media"}, we adopt realistic experimental parameters for the SOP^[@CR33]^ and apply an AC drive to the tunnel coupling with a driving amplitude equal to 1/10 of its average value, obtaining a single-qubit $\documentclass[12pt]{minimal}
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                \begin{document}$${X}_{\pi }$$\end{document}$ gate fidelity of 99.6% and a CZ gate fidelity of 93.6%. These results are limited by tunnel-coupling noise, which dominates at the SOP because the effects of detuning noise are suppressed.

Finally, we note that readout of ST qubits can be challenging in the presence of a large magnetic field gradient^[@CR51]^. Two methods to overcome this problem are (1) mapping the qubit onto different spins states, as described in ref. ^[@CR51]^, or (2) tuning the tunnel barrier to the more conventional regime for readout, where $\documentclass[12pt]{minimal}
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Methods {#Sec9}
=======

Overview {#Sec10}
--------

In this work, we perform two types of numerical simulations: (i) free induction of single qubits, and (ii) one and two-qubit gate operations. The simulations employ different theoretical methods, and are repeated for cases with and without charge noise. All numerical calculations use the QuTiP software package^[@CR52]^.

Free-induction simulations {#Sec11}
--------------------------

These are performed after adding time-dependent charge noise to the detuning parameter in Eq. ([3](#Equ3){ref-type=""}), with $\documentclass[12pt]{minimal}
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                \begin{document}$${\omega }_{l}$$\end{document}$ increases the noise in the system. The resulting frequency sequence is Fourier transformed back to the time domain, yielding the desired noise sequence. For each point in the $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta$$\end{document}$ is left as a fitting parameter in Eq. ([7](#Equ7){ref-type=""}) to account for the fact that non-dephasing, leakage processes can dominate the decoherence in some cases. As discussed in the main text, $\documentclass[12pt]{minimal}
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Fidelity estimations {#Sec12}
--------------------

For one and two-qubit gates, we incorporate the free-induction results into our simulations of the qubit-cavity master equation, defined as^[@CR45]^$$\documentclass[12pt]{minimal}
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                \begin{document}$$j\,=\,a,b$$\end{document}$) Hamiltonian in the lab frame, as presented in Eqs. ([4](#Equ4){ref-type=""}) or ([5](#Equ5){ref-type=""}) of the main text, $\documentclass[12pt]{minimal}
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